
RESEARCH MEMORANDUM 

DISTRIBUTION O F  FISSIONABLE MATERLAL IN THERMAL REACTORS 

OF SPHERICAL GEOMETRY FOR UNIFORM POWER GENERATION 

By Robert R. McCready, Robert B. Spooner and Michael F. Valerino 

Lewis  Flight  Propulsion Laboratory 
Cleveland, Ohio 

NATIONAL ADVISORY COMMITTEE 
FOR AERONAUTICS 

WASHINGTON 
June 1952 

Declassified lune 24, 1958 



N 
Q, 
rp 
0 

By Robert R. McCready, Robert B. Spooner 
and Michael F. Va le rho  

The  tW0-group equations for  reflected thermal reackrs of spherical 
geometry are solved for constant power generation over the reactor-core 
volume. Solution 2s obtained  both  analytically and by meam of an elec- 
t r ice3 &owe  s3mlator.  Illustrative  calculations  are made for 

r;' specified  core and re f lec tor   cmosi t ions  and a range  of reflector 
0 u thicknesses to ob ta in  the  disizibutfons of fissionable material over 

the reactor volume required to give uniform power generation. Gal- 
culations  are also made, for the specific reactors investigated, of the 

generation, assrdng  the reactor structural  and coolant  heat-kansfer 
characteristics to be  such that the   reacbr  power is 1 M t e d  by maximum 
heat-flux rate.  The calculations show that for reactors  with moderate 
or thick  reflectors substantfal increase In reactor pawer output can be 
achieved for limiting maximum heat-flux rate wT>hin the  reactor  with 
only a s m a l l  additional. inves.hnent i n  f i s s i m b l e  material. 

4 permissible  lncrease in  total reactor paw-er output due to uniform power 

For other  heat-release limikations in the reactor,  for example, 
maximum fuel-element  temperature, the power distribution .that leads to 
maximcrm total reactor power output ufll differ f r o m  the uniform power 
case  treated  herein, However, comparable increases in pesPlissible power 
output and fissionable-material 5nves.hnent are to be w e c t e d .  The 
results presented  herein  therefore  illustrate the advantage of di8tri- 
buting the  fiesimable  material  wlthin  the  reactor i n  such a mmner that 
each reactor volume element i s  operating at, or  V e r y  near t o ,  the par- 
t icular limiting heet-release  conditfon existing for the gfven reactor. 

Both the analytical and slrmzlator solutions adapt r e a m  to specified 
radial power distributions other than W o r m .  

The power that a reactor  delivers can be increased  by (I) a more 
effective  heat-transfer system and (2) nonunifarm distribution of the 
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uranium fuel t o  increase  the power generated in regions where it is low, 
so that each part  of the  reactor core  operates with 1~&~4Tmrm effectiveness. 
I n  many reactors  the disfxrbance of the power distribution producea by 
the control-rod system makes step (2) of l i t t l e  me.  As a consequence - 
of the nOrmal variation. In power density over the  core and its further 
distortion by the insertion of control  roG,  the  0ver-a  heat  release, (D 

0 

as averaged over the  reactor volume, may be of the  oraer of a one half 
dc 
hl 

or one third of the maximum heat release permissible on the basis of 
such practical  considerations as high-temperature strength of the metal 
surfaces across which the fission energy is tramferred-to  the  coolant, 
thermal stresses induced in  the heat-transmitting  surface, and so forth. 

Numerous schemes &re being actively considered for eliminating  the 
use of the conventfonal control rods. For example, in reference I, a 
supercritical water reactor is proposed wherein the  reactor  control is 
t o  be accomplished by variation in water density (and hence i n  neutron- 
moderating properties of the water) accompanying pressure and temperature 
change. Consibration is also being given to the use of a strong neutron 
absorber dissolved in  the coolant wTth provisions for continuously varying 
the absorber concentration so as to  control the relatively slow reactivity 
changes accomganying xenon build-up and fuel  burn-up. The short-period 
fast-reactivity changes wouls then be controlled by only a s m a l l  group 
of conventional  conkrol rods. 

. 
b 

For these systems, it is  of Fnterest t o  study the gains to be 
realized by distribution of the  fissionable  material nonuniformly Over 
the  reactor volume. In order t o  evaluate  the feasibil i ty of this scheme, 
knowledge is  required of the change in fuelrequirement accomganying the 
permissible gain in  reactor power output. 

An analytical, method of solution, wbich was derived. a t  the NACA 
L e w i s  laboratory, i s  presented  herein of the two-group equations for 
reflected thermal reactors of spherical geometry for the special caae 
of uniform parer  generation over the reactor volume. Calculations are 
made, for a  series of reactors of specified  core and reflector cam- 
positions and various reflector  thicknesses, t o  i l lus t ra te  the magnitude 
of the extra fuel investment due to  uniform reactor-power generation. 
Also, the  permissible  increase in  reactor power output due t o  uniform 
power generation is calculated assuming the  reactor  structure and 
coolant-flaw  conditions t o  be auch that the reactor power is limited 
by m~utimum heat -flux rate. 

.. 

. 
In addition t o  the  analytical method  of solution,  solutions were 

obtained by m e e m  of an electrical  analogue simulator. With the 
analogue shmlator, the cmaition of uniform power generation was 
approached in  steps so thst results were also obtained for power- 
generation patterns successively approaching the dform pattern. 'Isle 
results thereby  obtained are useful i n  establishing t o  what degree the 
condition of uniform power generation is  desirable for  1-t- heat- 
flux ra te  conditions. 
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SYMBOLS 

3 

The following symbols are used i n  this report: 

D a/* 

gb-1 N( r 1 /Ns 
power density a t  radius r from center of reactor 

maximum power aensity i n  reactor 

%v average power density over volume of reactor core 

I 

B i 
- I' 

3 

t 
I 

fissionable material investment for variable con- 
centration  case 

fissionable materfEtl investment for standard  case of 
uniform concentration 

current  forced  into sfmulEtt;or network section 

a, t h  

Lf f a s t  diff'usion length 

thermal diffusion length 

N r )  concentration of fissionable material at radius r frm 
center of spherical reactor 

average  value of fissionable material concentration over 
reactor  core volume 

NE! concentration of fissionable material for standard ca6e 
of uniform fissionable material distribution . 

pth resomace escape probability 

R, network resistor simulating absoqtion of neutrons by 
materfds other than uranium. For f a s t  neutron group, 
this includes slowfng down of neutrons  out of group. 
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RU 

r 

rC 

t 

v 

a 

2 

h t r  

ZM a, t h  

M 
'a,f 
P 

ZF 

aa' 

?F' 
e 

network resistor simulating absorption of neutrons 
by uraylium 

network resistor simulating  neutron  aiffusionpro- 
perties of  reactor  region , 

space coordinate 

cri t ical   radius of reactor  core 

reflector  thickness 

reactor core volume 

matrices 

variation parameter 

transport mean free path 

number of neutrons produced 'per fission 

macroscoplc absorption cross section (when ap-pliea t o  
fast group, includes  neutron loss due t o  slowing out 
of the group) 

macroscopic absorption crosa  section for thermal  neutrons 
of  all materials in  reactor  core  excepting uranlum 

value of C excluding sbsorption by uradm 
a,f 

macroscopic fission cross section 

microscopic absorptim cross section for  uranium 

microscopic fission cross  section  for uranium 
c 
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#f fast neutron flux 

thermal  neutron f lux  &h 

dc rf&h 

cu Subscripts : 

f , th fast and thermal parameters, respectively 

Superscripts : 

Primed superscript indicates reflector parameter. 

No superscript indicates a core parameter. 

Arbitrary  constants : 

A, B, P, Q 

Parameter groupings: 

b -  'kth%, th 
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3TM - 
c =  '"a,* 

b,th 

f =  1 

ANALYSIS 

The system of two-group eqyations for a critical reflected thermal 
reactor are: 
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. 

'L 

The problem is t o  determine, for assignable core and reflector skzes 
and comgositions, the amount and the distribution of fissionable 
material over the reactor volume required to sat isfy both  crit32cality 
and the condition of' uniform power generation over the  reactor core 
volume. 

In a thermal reactor (that is ,  wherein the  fast-neutron  absorption 
by the ffssionable material is  negligibly s m a l l  cornpared with *he thermal- 
neutron  absorption),  the parameters &,f, Ca,fy p*, and htr,eh 
i n  eqqations (1) and (2) are f a i r l y  insensitive to large variations in 
fissionable-materid  concentration. Hence, these pestmeters are  assumed 
as constant in the analysis; the degree of validity of this Etssurqption 
f o r  any specific problem cas be  evaluated from the  fissionable materfal 
concentrations  calculated f o r  the specific problem. 

Two different methods of apprmch are used in  the  analysis, one 
analytical and the other by meass of an electr icd.  analogue simulator 
designed for solution of multigrorrp equatfom  (reference 2). Tn both 
methods, the  analysis is based on the ass-tion of spherical geometry. 

Analytical  solution. - For spherical geometry, the two-group 
diffusion  equations i n  the reactor core (equations (1) and (2))  can be 
written in  the form 
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For uniform heat  generation i n  a thermal reactor,  the  relation 

must hola throughout the reactor  core. Equations (13) and (14), with the 
condition stipulated in  equation (17), reduce t o  

and 

in wbich 

D 8 - aB +C,r = 0 2 

~~e - C* - ~ 2 r  + de = o - 

A htr ,f 

In  the  solution of equationa (18) and (19), the fast parameters and 
thermal scattering parameters are assumed umf'fected by variation Fn 
concentration of fissionable material over the  reactor core. This 
assumption i s  va l id  f o r  the thermal reactors considered herein pro- 
vided that the attainment of uniform power generation does not 
necessitate highly emiched  concentratfon of  fissionable  naterial in  
any portion of the reactor core volume. 

The solutions of equations (18) and (19)  are 
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The hyperbolic  cosines, which constitute a portion of the complementasy 
Rmction, have been e l ” b e d  by application of boundary conditions (5) 
and (6) . 

0) The reflector equations (3) and ( 4 )  axe unaltered -In form by 
0 m i a t i o n  in  fissionable Bterial concentratlon mer the reactor  core. 

For spherical symmetry, equations (3) and (4) become 

D% - re = o (25 1 
~~q - e + me = o (26 1 

The solutions to equations (25) and (26) that vanish at the  outer 
reflector boundary are 

8 = P s3nh f i  (rC+t-r) - (27) 

s 

The boundary conditions of equatlons  (7) and ( 8 )  have been ut l l lzed 
in the choice of form for these solutions. The continuity  conditions (9) 
t0 (12) give r i s e  to four simultaneous equations for  A, B, P, and Q. A 
m e  detailed account of these equations and their hpl icat ions toward 
c r i t i ca l i t y  is i n d i c a t d  in  app& A. 
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The arbitrary  nature of the-actual power level -lied by equa- 
tion (17) enables C1 to be  taken as my positive  constant i n  equa- 
tions (29) and (30) . 

Equation (20) wtth C1 = 1 can therefore be written a8 

fkom wfilch the value of Zp,th(r)  corresponding to the thermal flux 

@th(') is determined. 

In order to  compare the fissicm~ble material investment f o r  variable 
concentration with that for uniform concentration, Ns is defined as the 
uniform concentration  required Fn a reactor of the same size and com- 
position (except for amount of fissionable material) as that for  the 
variable concentration  case. It is assumed that NB has been deter- 
mined by the usual procedures f o r  uniform distribution of fissionable 
material. 

Let 

The investment for  variable concentration ie 

and for the case of uniform.concentration is 

where 3 is the average concentration over the  reactor volume as given 
by 

m(r) av (37) 

eo 0 
N 
* 

Hence, 



which, f o r  spherical geometm, gives 

N 
IP cn 
0 

M 

3 
cu 

I 

8 

the cases  investigated,  the integral of equation (39) was evaluated 
by numerical integration using Simpsonas three-point  rule. 

Although the foregoing  procedure treats on ly  uniform heat generation, 
a wide variety of other radial  distributions can be handled. A specific 
e-le of mother power dlstribution and the approach to mre general 
ones is indicated in appendix B. 

EZectrical  analogue simulator solution. - The distzibution of 
uranium necessary fo r  a prescribed  reactor power afstribution can also 
be determined with the aid of an electr ical  analogue network. A brief 
description of the W A  nuclear  reactor s3mulator and an outline of the 
procedure followed in  obkirtjng  the  solutions  for  this analysis are 
presented w i t h  the aid of figure 1. This simplified schematic d i a g r a m  
identifies  the various components of the  simulator network with the 
corresponding volume elements of the reactor segment under lnvestigstion. 
Further details  abaut  the NACA nuclear  reactor simulatm appear in  
reference 2. 

The two-group reactor  solutions  obtained wTth the  simulator  required 
two networks similar t o  that in figure 1; one for  the  fast  group of 
neutrons and one for  the thermal group. The segment of a sphericd 
reactor bounded by some so l id  angle and divlded raaially b t o  volume 
elements is shown in figure I. Each volume element appears dlrectly 
above i ts  associated network section, The resistors i n  each of these 
network sections  are determined by their required  relations t o  the 
various  neutron-difftzsion,  absorption, and slowing-darn properties of 
the   mter ia ls  m & b g  up the reactor volume element. If the  currents il, 
i2, . . introduced in to  each network section  are made proportional t o  
the n&er of neutrons in the  corresponding  reactor volume element that 
are  entering  the  desired  neutron  energy  range  (neutron group) per unit 
time, the  potentials measured on the network junction  pofnts become 
praportional to  the neutron. fluxes in  the simhted volrrme elements. In 
addition,  the  current through any resistor  in  the network becomes pro- 
portional  to  the number of neutrons of that energy group undergoing the 
process  simulated by the resistor.  A detailed  l ist ing of the  simulator 
components, the  nuclear  processes  sbmlated by the  currents .t;hrough the 
copponents, and the  primary  nuclear  variables on m c h  the components 
m e  dependent appears in table I. Components are described for both 
fast and thermal networks. 
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The procedure  followed herein is  based on the requirement that the 
cri t ical   reactor must supply and maintain a specified  distribution of 
f ission neutrons. This requirement  Fixes the currents i entering the 
fas t  network, and the  specified  reactor composition determines the  values U 

used fo r  the netwoSk resistors  (reference 2 ) .  By means of the simuleLtor, a 
typical "generation of neutrons" is fo-d through its l i f e  cycle and 
the Ru resistors  are  adjusted t o  produce an identical new generation 
of neutrons. These adjustments re la te   to  changes in the concentration 
of uranium i n  each reactor volume element. The following steps  outline 
the solution  process. 

- 

Fast group: 

0 
tD 
01 
d 

(1) The resistors -In the  fast  network are adjusted to the  prescribed 
values. The Ru resistor is removed because fissions due t o  fas t  neu- 
trons are negligible in the cases  discussed  hereln. 

(2) The currents i are adjusted i n  proportion to the fission neu- 
tron  distribution assumed t o  form the generation. This distribution is 
proportional t o  that f o r  the  prescribed power generation because  both 
are dependent on the ra te  of fissions a t  any point. L 

(3) The voltage a t  each junction  point of the network gives a 
quantity proportional t o  the fast neutron flux. 

(4) The currents through the resistors R, are measured and mul- 
t iplied by the resonance  escape probability. These resultant values m e  
proportional t o  the  neutrons slowing dam  out of the fast group. 

i 

(5) The resistors are adjusted  to the proper  values for  the thermal 
network . 

(6) The currents i are  adjustea t o  be proportional t o  the  pre- 
viously measured number of neutrons 610- down f r o m  the f a s t  group. 
For criticality,  the  currents through the R, resistors, multiplied by 
the proper multiplication  constant, should be equal to  the  prescribed 
currents i forced  into the fast network (that is, t o  the  currents 
representing  the  specified fission neutron distribution).  Further  details 
about determining the  multiplication  constant appear i n  reference 2. 

- 

(7) If only the sum of the currents through the R, resistors 
multiplied by the  multiplication  constant  equals  the sum of the  inputs 
t o  the fast network, the reactor can be  considered to be crit ical ,   but 
not  adjusted f o r  proper power generation. . m h  Ru resistor is then 
adjusted by an amount proportional t o  the deviation in  the measured 
current through it *om the  required  current. The amount of change  must 
also be such as t o  maintain c r i t i ca l i t y  in the  reactor. 
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L 

The intermediate  solution  obtained by the foregoing stqs approx- 
imates the steady-state solution for the uranium diskribution on ~ i c h  
it depends. The usefulness of this solution fs considered following 
step (LL) . 

(8) After thLs adjustment of % resistors, the new currents through 
the R, resistors wi l l  again deviate from the desired solution,  but will 

Eo give a closer approximation and indicate further adjusbnents repeated as in 
% step (7) . 
0 

(9) The sequence of solutions  obkined by repetition of steps ( 7 )  
ana (8) converges on the desired reactor  solution and also provfdes a 
s e t  of intermediate  solutions that prove u s e f u l  if, in each solution, 
the distribution of currents through the % resistors  indicates a 
new generation of neutrons approximately like the  original  distribution 
of fission neutrons . 

(10) If o n l y  the final solution is desfred, the % resistors can 
be varied individually until the proper current is lnafcated throu@ each. 
This one-step method is especidly  useful  for  reactors w f t h  thln reflec- 
tors f o r  which the intermediate solutions would be of l i t t le value 
because they lead t o  generations of neutrons much different from the 
original  distribution of fission neutrons. 

(ll) The fractional decrease in each Ru resistor  required in the 
last four steps is the same as the fractional Fncrease In uranium i n  the 
corresponding reactor volume element. The current through each resis tor  
is proportional t0 the nmiber of fissions taking  place and, therefore, 
t o  the power generated in the  associated volume element. 

A set of power generation curves and the  required uranium dis- 
tributions are produced almost directly by the preceding steps. The 
procedure e v e s  a sequence of solutions that approach the initially 
specified power distribution. These appro-te intermediate  solutions 
are useful f o r  estimating  the power ~ 6 ~ i b u t i o n s  attainable with 
smaller uranium investments than those required f o r  uniform power 
generation and indicate whether the initially specified power dis- 
tribution is  the most advafltageaus one to  obtain high reactor  perfor- 
mance from the standpoint of fissionable material investment. 

The foregoing procedure  demonstrates the   ahptab i l i ty  of the  nuclear 
reactor simulator to the  rapid  solution of problems requfring the redis- 
tribution of fissionable material i n  a reactor. The simulator pernctts 
quick and convenient s-ation of the  variation of properties of the 
reactor  materials ad, f r o m  the measured quantities, a direct   inter-  
pretation of the  effect of these  variations on the uranium aistribukion 
and t o t a l  investment and the power generation in the  reactor. 
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CONDITIONS  FOR IZTAJSWIVE C-ONS 

The  core and reflector  parameters  chosen  for  the  illustrative  cal- a 

culations  correspond  to  those  for  certain  water-mderated and cooled 
thermal  reactors  utilizing a water  reflector.  The d u e s  of these 
parameters are 52 

d cu g,th = 0.0119 %2 = 64 
" 

hr,f = 3.78 

Reactor  [Core  radius  IReMector  thickness 

I 24 
~ ~~ 

16 
fI 

4 30 In: 
8 26 

" . ." . - . . 

The  fissionable  material  investments  required to maintain  criticality 
for  the  case of uniform  fissionable  material  distribution  are 2.11, 
2.69, and 3.74 kilograms for reactors I, 11, and III, respectively. 

EXAMPIX OF COMPARISON 03' REAL=TOR POWER 

The maximum power  limitation of a reactor  varies wit& each  design 
depending on such  factors  as mterials -In the  reactor  and  their strength 
characteristics,  arrangement and design of heat-transfer  ~urfaces, 
coolant, coolant f l o w  path, and BQ forth. Hence, without cansiaeraticm 
of these  detailed design factors,  it is impossible to assign any specific 
criterion far comparing  limiting  power  outputs of reactors. 

For illustrative  purposes,  consider a reactor  with  the following 
heat-transfer  and  strength  characteristics  wbich  result in maximum 
heat-flux rate as  the  heat-release  limitation fbr the  reactor. 
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(1) The coolant has a high heat-tranafer  coefficient and undergoes 
only  a s m a l l  m e r a t m e  change in  the  reactor  core. The walls of the 
entire flow passage  then  operate at approxhately  the E- inside tem- 
perature. 

(2) Heat is conducted t o  the coolant through material having 
relatively l o w  thermal conductivity and l o w  resistance t o  .thermal stress 
because of the  resulting temperature gradient thrwgh the material. For 
this specific example, uniform power generation st the  stress-limiting 
heat-flux  rate will resul t  i n  the maximum power that can be generated 
within the  reactor-core volume. 

Based on the  criterion of HmLting heat-flux rate,  the power out- 
puts of reactors I, 11, and III (listed in foregoing  section) w5th 
uniform fissionable  msterial  concentration are compared with the power 
outputs of these same reactors wherein the  fissionable material fs 
redistributed Fn a manner to  attain unif'om power generation. 

For other cr i ter ions,  for example, constant  coolant-passage-wall 
temperature,  the power generation leading to maximum total-power  output 
of the  reactor will. vary with the  coolant  conditions Etna flow paths. 

Analytical  Solution 

The results of the  analytical  solutions f o r  the three cases l i s t ed  
in  the  foregolng  section  are  presented in figures 2 to 4. 

Figures 2(a),  3(a), and 4(a)  indicate  the normalized power generation 
curves fo r  the three reactors  investigated. The average-to-maximm 
power ra t io  %y/k f o r  the case of uniform fissionable material con- 
centration  are 0.76, 0.73  and 0.53 for reactors I, 11, and 111, 
respectively, compared with 1.00 f o r  the case of uniform power production. 
Hence, uniform power generation.in  reactors I, 11, and III results in 32, 
37, and 89 percent  increases,  respectively, in total permissible power 
output for a stress  limfting  heat-flux rate. The minbmm 00 the power 
generation  curves for  reactors I, 11, and UI w e  about 33, 37.5, and 
68 percent below the maximums, indicating  the sharp departures *om 
uniformity in heat  generation that m e  typical of reactors having 
uniform concentration. 

The diBtribution of fissionable  material  necessary t o  maintain 
uniform heat generation for the  indicated  critical radii and reflector 
thichesses is presented in figures 2(b), 3(b), and 4(b). The aid given 
by the  reflector in preventing  serious  increments i n  investment  manifests 
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itself in the relatively l o w  maximums and moderate interface values 
attained in  the  concentration curve for  the first two cases. A much 
more extreme maximum and Interface value prevail in  the thwd case 
where the re f lec tor  thickness is  insufficient to supply adequate feed- 
back of thermal neutrons. The relative  increases in investment i n  the 
three cases  are 9, 15, and 197 percent,  respectively, W i c a t i n g  that 
moderate and thick  reflectors do not seriously alter investment require- 
ments necessary t o  maintain uniform heat  generation,  but that thin 
reflectors  came  the investment to suffer a decisive increase. Becau6e 
of the large local  concentration of fissionable material required in 
the vicinity of the reflector f o r  reactor 111, the asamption of 
invariance of fast parameters made in the analysis is not strictly valid 
for this case, although the  general shape of the curves  obtained is 
probably representative. 

The thermal fluxes of figures 5 t o  7 f6llow the same general shape 
of f l u x e B  established in  reactors of mfform uranium distribution. The 
decreased slope a t  the  interface, a i c h  accoqpanies  decreased reflector 
thickness again provides the anticipated evidence of reflector 
effectiveness. 

Simulator Solution 

The power generation and corresponding fissionable material dis-  
tributions found with the a id  of the nuclear  reactor s i rmhto r  f o r  the 
three aaseniblies investigated  are prerrented in figures 8 t o  10. 

For reactors I and 11, these  Clistributions axe shown i n  figures 8 
a d  9, respectively. The succeBsive changes in power distribut5on that 
were determined on the simulator give a progression of curves approaching 
the desired uniform distribution. The minimum local value  of power 
generation relative t o  the maximum value in  reactor I was raised. from 
0.67 to 1 .OO by only a 6 percent  increase in uranium disklbuted as 
shown by curves A (figs. 8(a) and 8(b) ) . This reactor had an average 
power generation only 0.752 of the maximum value. Similar changes made 
in  reactor 11, where the original minimum power generation  value was 
on ly  0.62 of the maxirmun rate,  required only 10 percent  increase i n  
uranium distributed accor- to curves A ( f i g s .  9(a) and 9 (b) ) . The 
average power generation in  the reactor was also increased frm 0.725 
of the maximum value t o  a uniform generation at maximum value. 

Three dmerent degrees of improvement in p F r  generation were 
considered for  reactor 711 as shown i n  figure 10 together with the 
power bistribution  for pmiform fissionable materqal  concentration. In 
two of the power aistributians, the power generation decreased l inearly 
with reactor core radius to 0.9 and 0.8 of the maxinmm power generation. 
The th i rd  corresponded t o  uniform power generation. The improved 

. 
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power-generation distributions were obtained a t  the  prfce of a considerable 
additional investment i n  uranium a6 indfcated in figure 10(b ) . For 
uniform power generation in the  thinly  reflected  reactor 111, it was 
necessary to  increase  the uranium investment  by 225 percent. This 
material, distributed according to curve A in figure lO(b) , rafsed the 
average power generation i n  the  reactor from 0.529 of the maxirmrm value 
t o  uniform mrwrirmun power generation. 

The thermal. neutzon fluxes in reactors I, 11, and III corresponding 
t o  uniform power generation  are s h m  in figures U, 1 2 ,  and l3, 
respectively,  for comparison with those found by numerical calculations. 
In addition,  the  fluxes  for the fntennediate power distributions are 
included f o r  each reactor. 

Flgures 8(b), 9 (b) , and 10(b) show approximately the same uranium 
distribution curves as the corresponafng results of m e r i c a l  cal-  
culations on figures 2(b), 3(b), and 4(b). In a U  casee, the  deviations 
between results ace  greatest i n  regions where the spatial  variation i n  
uranium concentration is greatest. In these  regions, the size of the 
=dial  interval assigned t o  a simulator network section led to a less 
accurate approximation of the  nuclear  variables. This limitation of 
mzcuracy is shown further by the curves of reactor flu in  figures ll 
to  13, as campared with the numerically  calculated fluxes shown in 
figures 5 t o  7. The maximum percent  tieviation in flux values &mouIlts 
to approximately 10 percent and occurs a t  the  core-reflector boundary 
in  reactor III. The deviationa in values a l so  affect  the t o t a l  uranium 
investment as shown on the fol lowing table: 

Reactor 
Calculated Simulator 

1.15 1.10 
ISC 2.97 3.25 

The extreme variation in  uranium concentration in reactor I I I  again 
led  to  the maximum deviation i n  uranium investment values. 

The general agreement between nuclew variables determined wieh the 
simulator and by  numerical calculations  together with the  provision for 
decreasing the radial  interval.  for a network section on the simulator 
indicates that the sirmzlator procedure can be rel ied on to closely 
approximate the results of numerical calculations. The simulator can 
therefore  be a-pplied with confidence f o r  conditions d i f f icu l t   to   t rea t  
analyt;ically. 
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The two-group equatfons  for  reflected  thermsl  reactors of spherical 
geometry w e  solved  for  the  case of constant  power  generation  over  the 
reactor  core volume. For  illustrative  purposes,  the  results of this 
analysis  were  used to calculate  the  increase in reactor  power  output 
permissible  for  a limiting heat-flux  rate  and  the  increase in fissionable 
material  required  xhen  the  fissionable  material is distributed in the 
manner to attain uniform power  generation.  The  calculations show that: 

. 

1. For cases I and I1 which  are  well  moderated  thermal  reactors 
with  a  thick &nd medium  size  reflectors, 32 and 37 percent  increases in 
power  output  were  obtained,  respectively,  at  the  expense of 9 and 
15 percent  increase6 in fia8iOnabla  material  investment. 

2. In reactor III, which was likewise  a  thermal  reactor  but  wfth 
a  thin  reflector,  a 89 percent  increase in power  output was obtalned 
for a 197 percent  increase  in  investment. 

Both  methods o r  solution  apply to  much more general  prescribed 
radial  power  distributions. 

Lewls Flight Propulerion Laboratory 
National Advisory Ccamnittee for Aeronautics 

Cleveland, Ohio, January 11, 1952 
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The  generally nonsingular character of the  matrix U of eqpkion (A2) 
indjlcates  that a solution 

x = u-ly 
exists for all but  possibly a set of isolated  values of re.  The  values 
of A, B, P, and Q resulting from the  solution of (Al) determine  the s 

fluxes  quantitatively. 

Eqyation (33) *lies  that  the  required  concentration for criticality 
is inversely  proportional to Bth(r) &B obtained  by  the  foregoing 
procedure. Those values of rc give  $th 5 o for some r(: rc 
are  not  admfssible. 

For  example, in reactor 111 it WEB found that,  for rc = 26.75 cent- 
imeters,  $dth = o was attained  at r = 24.74 centimeters & was 
non-negative  throughout  the  reactor);  this -lies infinite  concentration 
at this raaus . F O ~  rcc 26.75 centimeters,  9th  actually  attained 
negative values st portions of the region Oc: re rC. It  is  evident  that 
rc = 26.75 centimeters  defines  the  mathemettical minbum critical radius 
for thle  case. Since a zero  thermal flux implies an infinite concentration 
of fissionable  material,  the  physical lower bound on rc is  aamewhat 
greater  than  this  mathematical bound. 

. 
R 
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The physical  situation of altering  the  required  heat  generation 
corresponds to the  establishment of a new particular integral i n  the 
solution of the two-group equations. For example, if a linear  variation 
in heat  generation  decreasing from the  center is required,  the core 
diff'usion  equations  (for a sphere) became 

D28 - a8 + C 1 r  ( l e )  = 0, r - > 0 

which have the following suitable  eolutions : 

@f = 
A SinhflE + - c1 [l -[g (1 - c o s h e )  + 

r a 

2da C1 coshTar-1 2 ~ da C.11 + coshcr  

m r  
+ - -  

F F E(F-a 
+ r 

A l l  variations in  gth xf for which a particular  integral  exists 
yield themselves to  solution by t h i s  methad. In particular, the large 
variety of variations that can be represented by, or approximated  by 
polynomials or siqple exponentials have easily found particulaJ. integrals. 
If the  particular  integral is diff'icult to find, or  cmibersome to u6e 
explicitly, it can  be found numerically and this solution added t o  the 
complementary Function t o  obtain the caqplete integral. 
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1. Anon: Application of a Water Cooled and Moderated Reactor to Aircraft - 
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Simulatd< Reht ion  to primary nuclear variable Process simuLated by current through component 
component 

4 
Ra 

Faat group 
Net number of neutrom/sec diffusing between 9 inversely  propartionsl  Co &,f 
volume elements 

R, inversely  proportional  to 

% 

1 i proportional t o  llumber of neutrons/aec Number of neutrone/aec born in f i ss ion  pro- 

mer of neutrona/sec absorbed i n  uranium R, inversely groportional t o  num- 
(if m y  c o m i m e a )  bar of U atoms present 

ceases by previoue  neutron  generation prodaced by the epecif iea   Metr ibut ion of 
fiaelons in $35 - noup 

v 
R, 

~ ~ e r  of neutrons/sec sl&n$ b a ~  in to  1 

Number of neutrons/sec absorbed in uranium %I 

Number of neutrws/sec absorbed in rtmterial 

Net h e r  of neutrom/sec diffusing between 
wlme elements 
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(a) P o w  generation dlstribution 

0 ‘ 4  a 12 16  20 24 
r 

(b)  Fissionable material distribution. 

fissionable material distributions fo r  reactor I, amlyticsl 
solution.  (Relative level of power curves  based on a spec- 
ified  limiting  heat-flux rate for reactor.) 

Figure 2 .  - Comparison of power generation and corresponding 
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(b) Fissionable  material  dletrlbution. I 
Figure 3. - C o m p a r i s o n  of power generation and co epondlng 

flselonable material d l s t r i~ t ims  for reactor x ana- 
lgtlaal solutionl. (Relat1ve;level of power curvb based 
on a specified limiting heat-flq  rate .for reaator.) 
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(a) Power generatim distributiuI. 

0 

Figure  4 .  - Comparison of power generation and oorrespanding 
fissionable material distributions for reactor 111, am- 
lytlcal solution.  (Relative level of power cupves based on 
a spectfied limiting heat-flux rate for-renotor.) 
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Figure 5. - Cumparison of f lux  distributions for reactor I, 
analytical solution. 
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Figure 7 .  - Comparison of flux dlstrlbutlone  tor  reactor III, 
analytical a o l u t l o n .  
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(a) Power generation  distribution. 
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(b) Fissionable material distribution. 
Figure 8. - C~mparieon of power generation ana corresponding 

fissionable material distributions for reactor assembly I, 
simulator  solutions.  (Relative levela of parer curves based 
on a specified lhiting power density for reactor .) 
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(a) Power generation  distribution. . 
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(b)  Fis6ionable  material  dlrrtribution. 

Figure 9. - Comparison of power  generatfon  and  aorresponding 
fieelonable material distributions  for  reactor aseemblg 11, 
elmulator  solutione.  (Relative  levels of power curves based 
on a apeoified  limiting  power  denelty  for  reaotor.) 
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(b) Fissionable  material distribution. 

Figure 10. - Camparisa of power generation and corresponding fisaicnqble 
material distributions for reactor assembly 111, simulator eolut lme.  
(Relative levels of r ourves based on a sgaalfied llmlting parer 
density for rsaotor.7- 



34 W A  RM E52Cll 

2 -4- 

2.2 

2 .o 

1.6 

1.4 

1.2 

1.0 

.8 

.6 

r 
. - Comparison of flux distributions for reactor assembly I. 

Relative levels of flux curves based on a specifiea limiting paver 
density for reactor. ) 
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FI re 13. - Comparison of flux di6tributlone for reactor assembly 111. 
Kelative levels of flux oupves based on a specified  limiting power 
density for reactor.) 
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